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Abstract 

We describe the space-time model of a uniformly rotating frame of 
reference satisfying the Helmholtz free mobility postulate, as we imple- 
mented it in a preceding article, and we discuss the implications of this 
model as it concerns the problematic of the one way or two ways velocity 
of light derived from the model and its relationship with the universal 
constant c. 

1 Uniform rotation : the space model 

Starting with Minkowski's line-element using Cartesian coordinates^: 

ds 2 = -dt 2 + ds 2 , c=l (1) 

with: 

ds = l)ijdx % dx\ x l = x 7 y, z; k = 1, 2, 3 (2) 
let us consider the time-like congruence C: 

t = t , x — x cos ojt — y sin ojt, y — x sin tut + y cos ut, z — z . (3) 
defined in the domain: 



UJ 



^/x 12 + y' 2 + z 12 < 1. (4) 



Inverting and substituting in ((T|) we obtain, after dropping the primes, a new 
line-element that using a Weyl-like decomposition we write down as follows: 

ds 2 = -A 2 (-dt - fidx 1 ) 2 + A- 2 ds 2 , (5) 

where: 



A = yj\ - UJ 2 p 2 , p = y/x 2 + y 2 (6) 
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and: 



fi = A 2 uy, / a = -A 2 uox, f 3 = 



(7) 



dr = (i-wV)(<fe + + )• (8) 

To give a new meaning to the space-coordinates the recipe that we proposed 
in [2], adapted to the present case, is to introduce a flat 3-dimensional metric: 

dS 2 = g ij (x k )dx i dx j (9) 

such that: 

{t) k - t) k )f k = 0, (10) 

r and r being respectively the Christoffel symbols of the 3-dimensional metrics 
© and ©. But since these conditions are invariant under adapted coordinate 
transformations of space: 

x' = x'(x,y), y' = y'(x,y), z' = z, (11) 

we may proceed differently finding those coordinates that are harmonic coor- 
dinates of the space metric (JSJ) , in which case the line-element of the reference 
metric will be the Euclidean metric: 

ds 2 = dx' 2 + dy' 2 + dz' 2 (12) 
If we look for functions of the following form: 

x 1 = h(p)x, y' = h(p)y, z' = z (13) 
we find that the appropriate solution is: 
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h= — BesselJ(l,up) (14) 
ujp 

Assuming, as we shall do in the sequel of this paper, that in the domain of space 
of interest we can neglect those terms of order (uip) 3 or smaller, we approximate 
h by: 

h=l- (15) 

Defining now: 



p = yjx' 2 + y 12 (16) 
and inverting the coordinate transformation fj 13[) we obtain: 

^(i + ^V 2 )*', 2/=(i + ^V 2 )y' (i7) 

which leads to the transformed line-element: 

ds 2 = -A' 2 (-dt + f(dx H ) + A'- 2 ds 2 (18) 



2 



where now: 



A' = v/l-wV 2 , 
f\ = uy', f% = -ujx, fs = (19) 



and: 



ds 2 = ( 1 - J W V 2 - V' 2 )) dx' 2 + (l- \u?{y' 2 - x' 2 ) ) dy' 2 + (1 - uj 2 p' 2 )dz' 2 



(20) 



2 The velocity of light 



The historical measures of the speed of light were obtained as the quotient 
AL/AT with separate measures of the distance traveled by a light ray and the 
time of flight. Or using the formula e/i = c 2 from separate measures of e, the 
permitivity of free space, and /x the permeability of free space; a method in 
which light and its propagation do not come into play and thus proves that c is 
much more than the speed of light 

The value of the universal constant c that now has become a definition, 
since 1983, was measured in 1972 as the product \v of the frequency v and 
the wave-length A of a particular cavity resonance PQ , and the value that was 
obtained by no means depended on any relativistic global space-time model nor 
synchronization protocol. We discuss below light propagation in the framework 
of the space model presented in the first section and the simplest of the time 
models where time is represented by the coordinate t. 

Let us start with the general line-element (|18[) . dropping the primes again, 
and the space-metric of reference (fT2"]) . Solving for dt > the equation ds 2 — 
we have 

dt = f t dx l + A~ 2 Vd^; (21) 

dt is therefore the infinitesimal time of flight of a light ray issued from the point 
where the preceding formula is evaluated. On the other hand the infinitesimal 
distance traveled by light is in our model ds and therefore it is legitimate to 
define the one way instantaneous velocity of light it, where the arrow is meant 
to remind that is not an scalar but direction dependent, as: 

v ds 

* ^ * (22) 

where: 



ds = ^dx 2 + dy 2 + dz 2 (23) 

Considering also the velocity V for light propagating in the opposite direction 
we see that the mean instantaneous value is: 

<v>^\{!t + ^) = ^L (24) 
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and that: 

_L_ - & f25) 

Using (fT9|) - (|20p we get at the approximation that we are considering: 



dt = ds(l + — (ydx — xdy) 
ds 



+ 8d$ 2 ~^ + 5y ^ dx2 + ( 3y2 + bx2 ) d y 2 - ^xydxdy + 4p 2 ds 2 ) (26) 



Or: 



v = 1 + cj(y cos a% — x cos a 2 ) 
uj 2 

+ — ((3x 2 + 5y 2 ) cos a\ + (3y 2 + 5x 2 ) cos aj - Axy cos cti cos a 2 + ■ip 2 ) (27) 
8 

where cose** are the cosines of the direction of propagation. Notice that the 
linear part of (|27)1 can be greater, smaller or equal to 1. 

On the other hand writing the r-h-s of (|25l) in cylindrical coordinates we get: 

^^(-I"V)(|) 2 + ( 1 + H(^) s + « 1+ ^)(^) 2 

(28) 

wherefrom we see that the principal directions of propagation of < v > are along 
the cylindrical coordinate lines and that the corresponding principal values are: 

7 9 1 

< v >i= 1 - -uj 2 P 2 , < v > 2 = 1 - ~w V, < v > 3 = 1 - -w 2 p 2 (29) 
o o Z 

The three principal velocities are smaller than the universal constant c = 1 . 

Let us consider now a light ray that it is send from a point of coordinates 
x % at time t and reaches a point with coordinates x\ at times t\. To calculate 
the finite one way mean velocity c = At/ As where: 



As = y/( Xl - x) 2 + ( yi - y) 2 + (zi - z) 2 (30) 
requires to integrate the null geodesic equations: 

d 2 x ^ dy dt 
du 2 du du 

4Hs)' + "(=) ,+ *ss-"(=)1-° (31) 



d 2 y ^ dx dt 
du 2 du du 

4 ( ^ [du) ^ [dii) du du ^ [du) ) ^ ^ 
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d 2 z d 2 t 

t4= ' £4=°. ( 33 ) 
du z du z 

where u is an affine parameter, that taking into account the last of the above 
equations can be identified with t. 

Assuming as we have been doing that terms of order (ujp) 3 can be neglected 
but assuming now also (uAt) 3 can be neglected it is a straightforward simple 
task to obtain the approximate solution: 



Xl = x + ciAf + u (-c 2 + — ((4 - 3c 2 - c\)x - 2c 1 c 2 y)J At 2 (34) 

yi=y + c 2 At + lu (ci + ^ ((4 - 3cj - c\)x - 2c 1 c 2 x)^ At 2 (35) 

z\ = z + c 3 At, (36) 

where we have to require that the tangent vector at the origin x % is a null vector. 
Defining: 



0=^4+4+4 (37) 

this leads to the following equation: 
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C = c + w(a;c2 - yc\) 
((3c? + 5c2)x 2 + (3c2 + 5c 2 )y 2 - 2 Cl c 2 xy + 4p 2 ) (38) 



Using (l3"4")) - (j3"6l a straightforward calculation then yields 
As = 

wherefrom, using (j3"5)) . we obtain 



A.5 = Jc 2 +4 + 4At (39) 



u = 1 + cj(y cos /?i — x cos ^2) 

a; 2 

+ — ((3x 2 + by 2 ) cos Pi + (3y 2 + 5x 2 ) cos f3 2 - Axy cos ft cos ft + 4p 2 ) (40) 
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where cos ft = Cij C . Keep in mind however that a real life application of 
the preceding result still needs the algebraic determination of At and Cj using 

@D-6E) and U3H). 

3 Time models 

i is still the same time coordinate we started with and there are good reasons to 
keeping it this way as follows from these three properties: i) t is adapted to the 
stationary space-time model; ii) t is still harmonic, i.e. with obvious notations: 

lV a/3 = 0; (41) 
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and iii) the time synchronization that it describes is of the chorodesic type, [2J, 
centered at the axis of rotation. This meaning in this particular case that: 



holds on the axis of symmetry. 

On the other hand these three properties do not fix the synchronization, let 
us consider another time variable defined by: 

t' = t + u)ip(x,y,z) (43) 

so that after this coordinate transformation the line-element of the model is 
again time independent. Taking into account that t and x l are harmonic coor- 
dinates it follows that: 

r 0' = pO' a'fi' _ d 2 V> p _ 

1 -laffi-9 ~ u dxadx p9 , x -t (44) 
and we get then at the approximation that we are considering: 

from where we conclude, k being an arbitrary number, that: 

t' = t + kuj(x 2 + y 2 - 2z 2 ) (46) 

is an adapted harmonic time that spreads out with axial symmetry. 

In this new time model the geometrical elements of the line-element are: 

A' = A, ds' 2 = ds 2 , (47) 

and: 



f'i = u{y + kx), f 2 = -uj(x - kx), /g = ukz, (48) 

This f- transformations very much affect the one way velocity of light ([27)1 and 
(HO]) but, as we see from ([25]) and (??), do not affect the mean velocity < v >. 

Taking into account that if uj is the angular velocity of the Earth and R is its 
radius then we have that (ujR) 2 ps 2.4 1CT 12 , can we be sure that was measured 
in [T] was the value of the universal constant c ? 
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